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The purpose of this paper is three-fold. First, the theorem of Marcinkiewicz on interpolation of operators (see [9, pp. 111-116] ) is generalized to Lorentz spaces [5] . Second, this result is shown to be a rather easy consequence of a celebrated inequality of Hardy [ Note that \\f\\% is the 2>-norm of ƒ, 1 ^p ^ <*>. However, in general, ||/||* c is not a norm since the triangle inequality may fail. It is customary (see [6] ) to define a norm for certain L(p, q) in the following way: Let SUp* 1 '*/*^), 1 <£ < co, g 11/| I pa is equivalent to ||/||* fl in the sense that
These L(£, g), with the norm \\f\\ P q, are then Banach spaces. An operator T acting on a function space and having values that are functions is called quasi-linear if T(J+g) is uniquely defined whenever Tf and Tg are defined, and if
where K is a constant independent of ƒ and g. (2), (3), and (9) imply that (10)
Our main result is the following THEOREM. If T is quasi-linear and The most interesting case of the theorem occurs when 1 ^ q S °°. For simplicity we consider only this case. We then see, using (5) , that the hypotheses (11) Special cases of our theorem have appeared in various places. Kreïn and Semenov [3] proved that for 1 ^£ = °°, (13) implies (12) with 5 = g = l. They also proved that if T is linear, (13) implies (12) with s = q = oo, and, in addition, that (13) is equivalent to the restricted weak type hypotheses of Stein and Weiss (see [8] Again with T linear, the theorem, restricted to the L(p, q) that are Banach spaces, can be derived from the general interpolation theory of Lions and Peetre [4] together with Peetre's identification of Lorentz spaces as spaces of means (see [7] ).
PROOF OF THE THEOREM. (5) implies that it is sufficient to prove (12) with s = g. Let p = pe and p' = pi. Put 
+ + Si
Again changing variables and then using (1) The remaining cases are Case 2. pi < co and g = °°, Case 3. pi = qi = oo and g < oo, and Case 4. pi -qi-oo and g = oo.
The proof of Case 2 is straightforward. Cases 3 and 4 follow, with slight change, the proofs of Cases 1 and 2.
It is easy to see that (11), even for T linear does not imply (12) when s<q. Let ikf=(0, oo) and w = Lebesgue measure. Define Tf(x) = xa ' 1 SU(y)dy, a>0. Then | Tf(x)\ £*-«ƒ**(*), so that (Tf)*(x) =S*-"/**(*), and, hence, \\Tf\\%^\\f\\ P a (P/(p-l) )\\f\\î v where 0<l/p' = l/p+a<l.
If ƒ is non-negative and nonincreasing then ƒ*(*)=ƒ(*) and (Tf)*(x)=x-«f**(x)^x-<*f*(x), so that \\Tf\\%' 9 = ll/||*«-One can easily find an ƒ such that ||/||* s = °° and ||/|]* (Z < °° and hence (12) 
